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Abstract: The one-loop partition function of the f(R,RµνRµν) gravity theory is obtained
around AdS4 background. After suitable choice of the gauge condition and computation of
the ghost determinant, we obtain the one-loop partition function of the theory. The traced
heat kernel over the thermal quotient of AdS4 space is also computed and the thermal
partition function is obtained for this theory. We have then consider quantum corrections
to the thermodynamical quantities in some special cases.
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1 Introduction
It is well-known that the Einstein’s theory of relativity should be modified beyond the
solar system, to fit the observational data. At large scales, i.e., the regime of low energies,
the introduction of some dark energy component seems to be necessary to explain the
accelerated expansion of the universe [1].
The interesting fact about the Einstein’s gravity is that at UV limit the theory should
also be modified, since it cannot explain the microscopic physics. The quantization of the
Einstein-Hilbert action leads to a nonrenormalizable theory which is known for decades
[2]. This suggests that we cannot quantize Einstein’s general relativity along the path
of ordinary quantum field theory. One can think about the possibility of modifying the
dynamics of the space-time in a nonlinear manner in such a way that the theory becomes
renormalizable [3]. Perhaps the simplest possibility is to promote the Ricci scalar in the
Einstein-Hilbert action to an arbitrary function of the Ricci scalar (the f(R) theories of
gravity). The quantum corrections to the f(R) theories of gravity have been extensively
investigated in the literature [4].
The other possibility of modifying Einstein’s gravity is to break the Lorentz symmetry
of the theory and then add some spatial-derivative self-interaction terms in such a way that
the resulting theory becomes renormalizable. This Horava-Lifshitz quantum gravity theory
[5], has been found to be very interesting both in theoretical and phenomenological point
of view [6]. Also some attempts have been made to make the theory Lorentz-invariant [7].
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Historically, the first example of a modified theory of gravity which is renormalizable
at quantum level has been introduced in [8] in which the action
S =
∫
d4x
√−g (κ2R+ aR2 + bRµνRµν) ,
is proven to be renormalizable for some special choices of the parameters. The beta function
is also obtained in this case. This suggests that one can promote the Ricci scalar in the
Einstein’s theory to an arbitrary function of RâĂŇ and RµνRµν , and even RµνρσRµνρσ
(which is not necessary in 4D due to Gauss-Bonnet theorem). The quantum corrections to
generalized Gauss-Bonnet theory over de Sitter background is investigated in [9].
In this paper, we consider the f(R,RµνRµν) gravity theory over the anti-de Sitter
(AdS) background. The choice of this Lagrangian is interesting because it can be seen
as a generalization of some interesting modified gravity theories including f(R) gravity,
Gauss-Bonnet theory, conformal gravity and also Stelle’s original work (one should however
note that the f(G) modified gravity theories where G is the Gauss-Bonnet term cannot in
general be expressed in our formalism). Also, the AdS background is interesting specially
as a part of the AdS/CFT correspondence [10]. In this context, one of the most important
quantities which should be computed is the partition function. The partition function of
the gravity theory in the AdS background is then equivalent to the partition function of its
dual conformal field theory.
In this work we compute the one-loop partition function of the f(R,RµνRµν) theory
around AdS4 background. In order to do this, we fix the gauge in such a way that the
resulting gauge-fixed Lagrangian becomes diagonal in the perturbation variables. Such a
gauge fixing results in the introduction of the third ghost as discussed in [11]. Considering
the ghost determinants and the Jacobian of the field transformation, we arrive at the one-
loop partition function of the theory. One should note that the procedure introduced in this
paper is a little bit different from the one usually done in the literature. We then discuss
how we can recover the standard results in some special cases.
Using the heat kernel method, we are able to evaluate the determinants appearing in the
partition function and compute the traced heat kernel over the thermal quotient of the AdS4
space, to obtain the thermal partition function in f(R,RµνRµν) theory. The traced heat
kernel over thermal quotient of the AdS space in the conformal gravity theory is discussed
in [12]. We then use this method to obtain thermodynamical quantities such as Helmhotz
free energy and also the entropy which should be viewed as a one-loop quantum correction
to the entropy. We furthermore compare the consequences of the quantum corrections to
the thermodynamical quantities in some special cases of interest.
We should note that while this work was in progress, the preprint [13] appeared on arXiv
in which the authors have done a similar calculation as is presented in this manuscript and
obtain the one-loop divergences of the same theory. However, our calculations are different
in the way that besides using a different approach for fixing the gauge, we are also interested
in the thermodynamical implications of the theory over thermal quotient of the AdS4 space
which is not the scope of [13].
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2 The model
Let us consider the following general theory containing a function of both the Ricci scalar
and the square of the Ricci tensor
S =
∫
d4x
√−g f(R,RµνRµν), (2.1)
where f is an arbitrary function with mass dimension 4. For our purposes, we need to
calculate the second variation of this action on shell by imposing the equation of motion,
coming from the first variation. By varying once the above action with respect to the metric
tensor, one may obtain
δS =
∫
d4x
√−g Bµν δgµν , (2.2)
where Bµν is the equation of motion which can be written as
Bµν = fRRµν −
1
2
fgµν + 2fXRαµR
α
ν +Hµν +∇α∇βHαβgµν − 2∇α∇(µH αν) = 0. (2.3)
Here Hµν = fR gµν + 2fXRµν and we have defined X ≡ RµνRµν , fR ≡ ∂f/∂R and fX ≡
∂f/∂X.
It can be easily seen that the above equation acquires AdS4 solution. As we know, for
the AdS4 space we have in general
R¯µνρσ =
Λ
3
(g¯µρg¯νσ − g¯µσ g¯νρ), R¯µν = Λg¯µν , R¯ = 4Λ. (2.4)
Here and in the following few equations, we use the bar sign to denote the background metric
and specially the AdS4 background which we are most interested in as a sample background
in this paper. Using the above relations, the equation of motion (2.3) is reduced to
2fXΛ
2 + fRΛ−
1
2
f = 0, (2.5)
which can be solved for Λ if one fixes the function f . For example, for the simple case
f = κ2R+ ηRRµνR
µν one has an AdS4 solution with Λ = −
√
κ2/4η.
Now, we proceed to find the second variation of the action. Consider the small fluctu-
ation hµν of the tensor metric gµν around the background metric g¯µν as follows
gµν = g¯µν + hµν . (2.6)
Varying the relation (2.2) and evaluating it on shell for the background metric g¯µν , we
arrive at
δ(2)S =
∫
d4x
√−g¯
(
¯δB
µν
hµν + B¯
µνδhµν − 1
2
g¯αβB¯µν h
αβhµν
)
=
∫
d4x
√−g¯ ¯δBµνhµν . (2.7)
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Again tensors with the bar sign are calculated in the background metric. The last two
terms in the first line vanish by imposing the equation of motion (2.3). Our task in the
next section is to obtain the one-loop parition function for the theory of our interest. We
use the definition L2 ≡ ¯δBµνhµν in what follows, for brevity of notation. We also omit the
bar sign in the following sections, since all the calculations are performed in the background
metric.
3 The one-loop partition function of f(R,RµνRµν) gravity
Let us now compute the one-loop partition function of the gravitational theory (2.1). The
partition function at the one-loop level can be obtained from the path integral over all
fluctuations around the background (hµν) as
Z1-loop =
∫
Dhµνe
−δ(2)S . (3.1)
Because our theory is generally covariant, it has a gauge freedom of the form
δhµν = ∇µν +∇νµ, (3.2)
in which µ denote the parameters of the gauge group. In order to calculate the integral
(3.1) only over physical degrees of freedom among all the ones that are related to each other
through the gauge transformation (3.2), we have to fix the above gauge freedom. Consider
the following gauge condition
ξµ − lµ = 0, (3.3)
where lµ is some arbitrary function and
ξµ = ∇αhαµ −
(
ρ+
1
4
)
∇µh. (3.4)
Notice that the above condition reduces to the Lorentz condition for ρ = 14 . To impose the
gauge-fixing condition on the functional integral (3.1), we must multiply the integrand by
δ(ξµ − lµ) (see the details in [11]). This leads to the following result
Z1-loop =
∫
Dhµνe
− ∫ d4x√−gL2δ(ξµ − lµ)∆[h], (3.5)
where ∆[h] is related to the gauge group of the theory, which can be found by the use of
the Faddeev-Popov ansatz.
Inspired by the Gaussian integral, one can write the following identity
1 = det1/2Gαβ
∫
Dl e−
1
2
∫
d4x
√−g(lαGαβ lβ), (3.6)
where Gαβ is an arbitrary functional of hµν . Multiplying (3.5) by the above unity, we arrive
at the folowing expression for the one-loop partition function
Z1-loop =
∫
Dhµν∆[h]det1/2Gαβ e−
∫
d4x
√−g(L2+Lgf ), (3.7)
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where we have defined the gauge fixing Lagrangian as
Lgf ≡ 1
2
ξµG
µνξν , (3.8)
and
Gµν = α(−gµν− γ∇µ∇ν +∇ν∇µ) + Λgµν , (3.9)
where α and γ are some constants and Λ is the AdS4 parameter. Now using the Faddeev-
Popov ansatz and the above calculations, one can easily calculate the form of ∆[h] as
∆[h] = detMαβ [h], (3.10)
with
Mαβ [h] = G
α
µ
δξµ
δβ
. (3.11)
The second part of the multiplication in the right-hand side of the above equation can be
calculated as
δξµ
δβ
= δµβ+R
µ
β +
(
1− 4ρ
2
)
∇µ∇β. (3.12)
Substituting the corresponding relations for the determinants into (3.7), we finally end up
with the following relation for the one-loop partition function
Z1-loop =
∫
DhDC DC¯ Db e−
∫
d4x
√−g(L2+Lgf+Lgh), (3.13)
where the ghost Lagrangian is defined as
Lgh = 1
2
C¯αMαβ[h]C
β +
1
2
bαGαβb
β. (3.14)
In the above relation, C and b are complex and real Grossman variables, respectively, and
we have used the relations
detMαβ =
∫
DCDC¯ e−
1
2
∫
d4x
√−g(C¯αMαβCβ), (3.15)
and
det1/2Gαβ =
∫
Db e−
1
2
∫
d4x
√−g(bαGαβbβ). (3.16)
The anticommutating fields C are called the Faddeev-Popov ghosts and the b field is called
the third ghost.
Let us now York decompose the metric fluctuation hµν into the transverse-traceless
part Aµν , the trace part h, the helicity-0 part χ and the vector part T as
hµν = Aµν +
1
4
gµνh+ 2∇(µTν) + 2∇µ∇νχ−
1
2
gµν∇α∇αχ, (3.17)
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where we have ∇µAµν = 0 = gµνAµν and ∇µTµ = 0. Also, we decompose the ghost fields
as
Cα = C
⊥
α +∇αC, (3.18)
bα = b
⊥
α +∇αb, (3.19)
with ∇µC⊥µ = 0 = ∇µb⊥µ .
By applying the York decomposition on the second variation of the original perturbed
action around the background metric, L2 reads
1
2
L2 = AµνOAAAµν + TµOTT Tµ + χOχχχ+ hOhhh+ χOχhh. (3.20)
The operators O can be expressed in terms of some powers of . The full form of these
operators are presented in Appendix A.
We also apply the York decomposition on the other two Lagrangians appeared in (3.13).
The gauge-fixing Lagrangian Lgf can be computed as
Lgf = TµO′TT Tµ + ξO′χχξ + hO′hhh+ hO′hχξ, (3.21)
where
O′TT = −
α
2
3 + 1
2
(1− α)Λ + 1
2
(2 + α)Λ2+ 1
2
(1 + α)Λ3, (3.22)
O′χχ =
9
8
αγ4 + 3
8
(8αγ − 3)Λ3 + (2αγ − 3)Λ22 − 2Λ3, (3.23)
O′
hh
=
1
2
αρ2γ2 − 1
2
ρ2Λ, (3.24)
O′
hχ
= −3
2
αργ3 + 1
2
ρ(3− 4αγ)Λ2 + 2ρΛ2. (3.25)
The ghost Lagrangian can be written as
Lgh = C⊥µO1C⊥µ + CO2C + b⊥αO3b⊥α + b O4b, (3.26)
where the operators have the forms
O1 = −α2 + Λ+ (1 + α)Λ2, (3.27)
O2 = 1
2
(−)
(
α(4ρ− 3)γ2 + (3− 4ρ− 4αγ)Λ+ 4Λ2
)
, (3.28)
O3 = −1
2
(
α− (1 + α)Λ
)
, (3.29)
O4 = 1
2
(−)(−αγ+ Λ). (3.30)
It can be easily checked that by assuming
α = 1, ρ = − a1
2Λ2
, γ = −4a3Λ
2
3a1
, (3.31)
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we obtain Ohχ +O′hχ = 0, and therefore the action Lgauged ≡ L2 +Lgf becomes diagonal.
Here, a1 and a3 are two of the parameters appearing inOhχ which are presented in Appendix
A. After some algebra, Lgauged can be simplified as
Lgauged = AµνO′′AAAµν + TµO′′TT Tµ + hO′′hhh+ χO′′χχχ, (3.32)
in which
O′′
AA
= (−+m2A,+)(−+m2A,−),
O′′
TT
= −(−− Λ)(−+m2T,+)(−+m2T,+),
O′′
hh
= (−+m2h,+)(−+m2h,−),
O′′
χχ
= (−)(−− 4Λ
3
)(−+m2χ,+)(−+m2χ,+). (3.33)
We have written the explicit expressions of the above masses in Appendix B.
The final form of the one-loop partition function of our model is written as
Z1-loop = ZgaugedZghZNhZNCZNb
= det
(1)
(−− Λ) det
(0)
(
−+ 4Λ
ρ− 3
)[
det
(1)
(−+ 2Λ) det
(0)
(
−+ Λ
γ
)]3/2
×
[
det
(2)
(−+m2A,+) det
(2)
(−+m2A,−) det
(1)
(−+m2T,+) det
(1)
(−+m2T,−)
× det
(0)
(−+m2h,+) det
(0)
(−+m2h,−) det
(0)
(−+m2χ,+) det
(0)
(−+m2χ,−)
]−1/2
. (3.34)
The last three partition functions in the first line of the above relation are associated with
the decomposition of the fields which are written in Appendix C.
Now, let us consider some special cases of interest of the partition function (3.34).
In the case of the Einstein gravity with the Lagrangian L = κ2(R−2Λ), the appropriate
choice of the gauge fixing parameters (3.9) in which the scalar part of Lgauged becomes
diagonal would be
α = 0, ρ = − κ
2
2Λ
, γ = 1,
and the one-loop partition function (3.34) reduces to
Z1-loopEinstein =
√
det(1)(−− Λ)
det(2)
(−+ 2Λ3 ) , (3.35)
which is well known [14].
Also, we can recover the result of the one-loop partition function of the conformal
gravity theory, first presented in [12]. In this case, the Lagrangian takes the form L =
ηCαβµνC
βµν
α which can be converted to a simpler form L = 23η(3RµνRµν − R2) using the
Gauss-Bonnet theorem. It can be seen that the appropriate choice of the gauge-fixing
parameters in this case can be obtained as
α = 0, ρ = 0, γ = 1,
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and the partition function becomes
Z1-loop = Z1-loopEinstein
√√√√ det(0)(−− 4Λ3 )
det(2)
(−+ 4Λ3 ) , (3.36)
which matches with the results of [12], noting that they use η = −2âĂŇ and Λ = −3.
Now, let us consider a special case of f(R) gravity theory, namely L = κ2R + ηR3.
This theory admits an AdS background with Λ = −κ/4√η provided that η > 0. In this
case, the appropriate choice of the gauge-fixing parameters would be
α = 1, ρ =
κ2
Λ
, γ = −9
4
,
and the partition function takes the form
Z1-loop = Z1-loopEinstein det
(1)
(−+ 2Λ)
√
det
(0)
(
−− 4Λ
9
)
. (3.37)
At the end, for the theory L = κ2R+ηRRµνRµν discussed in section 2, the appropriate
choice of the gauge-fixing parameters is
α = 1, ρ = κ2, γ = −5
2
,
and the partition function becomes
Z1-loop = Z1-loopEinstein det
(1)
(−+ 2Λ)
√√√√ det(0) (−− 2Λ5 )
det(2)
(−− 10Λ3 ) . (3.38)
From the above examples, one can deduce that the f(R) gravity theories produce only one
spin-2 contribution to the partition function, which is related to the massless graviton of the
Einstein’s theory. However, adding terms containing RµνRµν produces a secondary tensor
contribution to the partition function.
4 The traced heat kernel on AdS4
This section is devoted to a short explanation of the heat kernel method and the prescription
of [12], used here to compute the determinants appearing in the obtained one-loop partition
functions of the previous section.
We can define the heat kernel of the sample operator ∆(s), for a field with the spin s,
on a manifoldM between two points x and y as
K
(s)
ab (x, y; t) =
〈
y, b
∣∣et∆(s)∣∣x, a〉 , (4.1)
where a and b denote Lorentz indices of the field. The partition function related to the
trace of the heat kernel over both the spin indices and space-time is written as
lnZ(s) = −
1
2
ln det
(−∆(s)) = −12tr ln (−∆(s)) = −12
∫ ∞
0
dt
t
K(s)(t), (4.2)
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in which the trace of the heat kernel is defined as
K(s)(t) ≡ tr et∆(s) =
∫
M
ddx
√
g
∑
a
K(s)aa (x, x; t), (4.3)
Although the computation of the heat kernel in general manifolds is a difficult task even
for the scalar operators, for symmetric spaces the use of the harmonic analysis on group
manifolds can help us to make the problem tractable. For example for the trace of the
heat kernel on the thermal quotient AdS4, the quotient space can be assummed as H4 '
SO(4, 1)/SO(4). For this case the trace of the heat kernel becomes
K(s)(t) =
β
2pi
∑
k∈Z
∑
~m
∫ ∞
0
dλχ
λ,~m
(
γk
)
etE
(s)
R , (4.4)
where E(s)R s are the eigenvalues of the spin-s operator on the quotient space H
4, χ
λ,~m
(
γk
)
is the Harish-Chandra in principle series SO(4, 1), γ is an element of the thermal quo-
tient of S4, β is the inverse temperature (β = 1kT ) and (λ, ~m) denotes the principal series
representation [12].
Now, we need to obtain the eigenvalues for the symmetric transverse traceless tensor
that we are interested in. The unitary irreducible representations of SO(4, 1) and SO(4)
denoted by R and S, repectively, are characterised by the following array
R = (m1,m2) = (iλ,m2) with λ ∈ R,
S = (s1, s2) with s1 > s2 > 0, (4.5)
in which m2 is a non-negative (half-) integer, and s1 and s2 are (half-) integer. The eigen-
values of the spin-s operator in the quotient space H4 are given by
−E(s)R = C2(R)− C2(S). (4.6)
Here, C2(R) and C2(S) are the Casimirs of the unitary irreducible representation of SO(4, 1)
and SO(4), respectively, which can be written as
C2(R) = m
2 + 2rSO(4,1) ·m,
C2(S) = s
2 + 2rSO(4) · s, (4.7)
where the dot sign denotes the usual Euclidean product, and
r
SO(4,1)
i =
5
2
− i, rSO(4)i = 2− i, for i = 1, 2, 3.
Using these relations for the Casimirs, the equation (4.6) is obtained as
−E(s)R = λ2 +
9
4
+ S, (4.8)
In the principal series of SO(4, 1), the Harish-Chandra character is written as follows
χ
λ,~m
(β, φ1) =
(
e−iβλ + eiβλ
)
χ
SO(3)
~m (φ1)
e−3β/2 |eβ − 1| |eβ − eiφ1 |2
, (4.9)
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in which χSO(3)~m is the character of the SO(3) representation. For the thermal quotient we
have φ1 = 0 and χ
SO(3)
~m (0) = 1 + 2S. Using these values, we can find the traced heat kernel
as
K(s)(t) =
β(1 + 2S)
8
√
pit
∑
k∈Z+
e−
k2β2
4t
−t(λ2+S)
sinh3 kβ2
. (4.10)
To prevent the divergence of this equation, we have excluded k = 0. Finally, we can evaluate
the partition function for the arbitrary spin as follows
lnZ(s) = −(1 + 2S)
∑
k∈Z+
e
−kβ
(
3
2
+
√
9
4
+m2+S
)
(1− e−kβ)3 k
. (4.11)
Using the above relation, we can simply complete the calculation of the one-loop par-
tition function for the cases of our interest with the AdS4 background. The results are
presented in the following section.
5 Thermodynamical implications
Using equation (4.11), one can obtain the partition function of the general f(R,RµνRµν)
gravity theory in a thermal quotient of AdS4. In this section, we consider thermodynamical
relations related to the thermal partition function (4.11) in four special cases discussed in
section 3. Notice that the one-loop correction to the Helmhotz free energy can be obtained
from the one-loop partition function via
F 1-loop = − 1
β
lnZ1-loop.
In the case of the Einstein gravity with Lagrangian L = κ2(R−2Λ) one can obtain the free
energy as
F 1-loopEinstein = −
1
2
∑
k
e−
3
2
kβ
(1− e−kβ)3 kβ
[
5e
−kβ
√
17
4
+ 2Λ
3 − 3e−kβ
√
13
4
−Λ
]
. (5.1)
In the case of the conformal gravity with L = 23η(3RµνRµν −R2) we obtain
F 1-loopConformal = −
1
2
∑
k
e−
3
2
kβ
(1− e−kβ)3 kβ
×
[
5e
−kβ
√
17
4
+ 2Λ
3 − 3e−kβ
√
13
4
−Λ − e−kβ
√
9
4
− 4Λ
3 + 5e
−kβ
√
17
4
+ 4Λ
3
]
. (5.2)
One can see that the first two terms in the second line correspond to the Einstein’s theory.
For the Lagrangian L = κ2R+ ηR3, the free energy can be obtained as
F 1-loop
κ2R+ηR3
= −1
2
∑
k
e−
3
2
kβ
(1− e−kβ)3 kβ
×
[
5e
−kβ
√
17
4
+ 2Λ
3 − 3e−kβ
√
13
4
−Λ − 6e−kβ
√
13
4
+2Λ − e−kβ
√
9
4
− 4Λ
9
]
. (5.3)
– 10 –
Einstein
Conformal
R 3
RR μν R μν
0.4 0.6 0.8 1.0
T
- 0.4
- 0.2
0.2
0.4
0.6
0.8
F
Figure 1. One-loop correction to the free energy in four special cases of f(R,RµνRµν). We have
assumed Λ = −1.
The last example is L = κ2R+ ηRRµνRµν with the free energy
F 1-loop
κ2R+ηRRµνRµν
= −1
2
∑
k
e−
3
2
kβ
(1− e−kβ)3 kβ
×
[
5e
−kβ
√
17
4
+ 2Λ
3 − 3e−kβ
√
13
4
−Λ − 6e−kβ
√
13
4
+2Λ − e−kβ
√
9
4
− 2Λ
5 + 5e
−kβ
√
17
4
− 10Λ
3
]
.
(5.4)
Also, one can obtain the one-loop quantum correction to the entropy as
S1-loop = −∂F
1-loop
∂T
, (5.5)
where T = kβ is the temperature. In figures 1 and 2, we have plotted the above expressions
for the one-loop correction to the free energy as well as the entropy, for all the sample
theories. One can see from the figures that the correction of the free energy in the case
of the Einstein’s gravity and conformal gravity is negative, indicating that the quantum
correction decreases the background values of free energy. In other two cases, where the
Lagrangian has a third order term in the curvature tensor, the quantum correction to the
free energy increases the value of the classical free energy. This can be described by the
fact that higher order curvature terms dominate the Einstein’s gravity in the microscopic
level. The quantum correction to the entropy is very similar to the effects of the free energy,
however in a reverse direction due to the minus sign in (5.5).
6 Conclusions and final remarks
In this paper we have computed the partition function at the one-loop level for a modified
theory of gravity containing a function of both the Ricci scalar and the square of the Ricci
tensor. Studying this theory can be very informative in the context of quantum gravity, since
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Figure 2. One-loop correction to the entropy in four special cases of f(R,RµνRµν). We have
assumed Λ = −1.
it can be thought of as a generalization of many other important modified gravity theories.
For our purpose we have used the usual Faddeev-Popov and De Witt method to find the
total partition function at the one-loop level over a constant curvature background metric.
Then, using the York decomposition we were able to calculate this partition function in
terms of the determinants of scalar, vector and tensor modes of the metric tensor. We have
moreover showed that the theory chosen here has AdS4 solution by presenting an example
in the paper. Therefore, we were able to find the one-loop partition function of our theory
over the AdS4 background, which is of great interest in other contexts, for instance in the
AdS/CFT correspondance. In this regard, we have also presented the calculated one-loop
partition function over the AdS4 solution for 4 different gravity theories at the end of section
3. Then, we have used the heat kernel method to compute the determinants of different
operators in the partition function. The heat kernel representation is interesting since it
shows a way to construct a traced heat kernel of the AdS4 background. We have used
this procedure to compute the one-loop thermal partition function of the theory over the
AdS4 space. This should be considered as a one-loop correction to the background partition
function of the dual CFT theory. We have then straightforwardly computed the one-loop
quantum corrections to both the Helmholtz free energy and the entropy of the theories we
are interested in. It is interesting that for both the Einstein’s theory and the conformal
gravity theory these corrections increase the entropy from its value at the background,
while for third order modified gravities such as R3 or RRµνRµν theory they decrease the
background entropy from its background value. This can be traced back to the fact that the
contribution coming from the higher order terms in the curvature tensor dominate that of
the Einstein’s gravity at small scales and hence compensate the effect of Einstein’s gravity
theory.
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A Operators in the second order variation of the action
OAA = fX 2 +
(
fR +
2Λ
3
fX
)
+
(
f − 4
9
Λ (6fR + 11ΛfX )
)
. (A.1)
OTT = 2c1(+ Λ). (A.2)
Oχχ =
3
2
(2fX + 3c2)4 −
1
2
(
3fR − 8Λ(fX + 3c2)
)
3
+
(
3f − 8ΛfR + 4Λ2(2c2 − 3fX )
)
2 − 4Λc1. (A.3)
O
hh
=
3
8
(2fX + 3c2)2 −
1
8
(
3fR − 8Λ(fX + 3c2)
)
+ 1
4
(
f − 4ΛfR + 4Λ2(2c2 − fX )
)
.
(A.4)
O
hχ
= a33 + a22 + a1, (A.5)
where
a1 = 2Λ(fR − 4Λc2), (A.6)
a2 =
1
2
[3fR − 8Λ(fX + 3c2)] , (A.7)
a3 = −3
2
(2fX + 3c2), (A.8)
and
c1 = 2Λ(fR + 2ΛfX )− f, (A.9)
c2 = fRR + 4Λ(fXR + ΛfXX ). (A.10)
One can easily check that the following relation holds
3
4Λ
a1 − a2 + 4Λ
3
a3 = 0. (A.11)
B The masses
m2A,± =
1
6fX
(
−3fR − 2ΛfX ± 3
√
f2R − 4f fX + 12ΛfRfX + 20Λ2f2X
)
, (B.1)
m2T,± =
1
2
(
Λ±
√
9Λ2 + 16ΛfR − 8f + 32Λ2fX
)
. (B.2)
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m2h,± =
{
12fX + 8
[
2ρ2γ + 9Λ(fXXΛ + fXR)
]
+ 18fRR
}−1
×
{[
8(4Λ(Λ(fX − 2(4Λ(fXXΛ + fXR) + fRR)) + fR)− f)
× (6fX + 4 (2ρ2γ + 9Λ(fXXΛ + fXR))+ 9fRR)
+
(
3fR − 8Λ
(−ρ2 + fX + 12Λ(fXXΛ + fXR) + 3fRR))2 ]1/2
− 8Λ (−ρ2 + fX + 12Λ(fXXΛ + fXR) + 3fRR)+ 3fR}. (B.3)
m2χ,± = {8fX + 6[γ + 8Λ(fXXΛ + fXR) + 2fRR]}−1
×
{
− 4γΛ +
[ (
Λ
(
4γ + 32fXXΛ
2 + 32fXRΛ + 8fRR − 3
)− 2fR)2
− 16(f − Λ(4fXΛ + 2fR + Λ))(4fX + 3(γ + 8Λ(fXXΛ + fXR) + 2fRR))
]1/2
− 32fXXΛ3 + 2fR − 32fXRΛ2 − 8fRRΛ + 3Λ
}
. (B.4)
C The decomposition determinants
In this section we compute ZNh which is appeared in the expression of the partition function.
The determinants ZNC and ZNb can be obtained in a similar way. First note that
1 =
∫
Dhµνe
− ∫ d4x√−ghµνhµν . (C.1)
We want to compute the Jacobian of the transformation which is in the form
Dhµν = ZNhDAµνDTµDχDh. (C.2)
Inserting the relation (3.17) into (C.1) and integrating by parts, one can obtain
1 =
∫
ZNhDAµνDTµDχDh
× exp
{
−
∫
d4x
√−g
[
AµνA
µν +
1
4
h2 + 2Tµ(−− Λ)Tµ + 3χ(−)
(
−− 4Λ
3
)
χ
]}
.
(C.3)
Using the Gaussian integral for the fields Aµν , Tµ, h and χ, one can obtain ZNh as
ZNh =
[
det
(1)
(−− Λ) det
(0)
(−) det
(0)
(
−− 4Λ
3
)]1/2
. (C.4)
Similarly, one can find
ZNC = det
(0)
−1(−), ZNb =
√
det
(0)
(−). (C.5)
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